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THE SHEAR STRENGTH OF 
SIMPLID~SPAN REINFORCED CONCRETE BEAMS WITHOUT WEB REINFORCEMENT 
by 
A.· Laupa~ C. P. Siess, and N. M. Newmark 
I. INTRODUCTION 
1. Object and Scope of Investigation 
This report deals' exclusively with shear failures in simply--
supported reinforoed ooncrete beams without any form of web reinforoement 
and subjected to one or two equal concentrated loads. The objeot of this 
inVestigation was to oorrelate the results of all previous research and to 
determine, by the help of new tests, the transition range between shear and 
tension failures. 
The investigation was conduoted in three phases. The first 
phase was a review of the researoh carried out previously in the field of 
diagonal tension and shear. An empirical expression waS derived for snear-· 
ing strength of simple reinforced ooncrete beams having no web reinforoement. 
This expression was used as a guide for planning the experimental program. 
In the second phase, 13 simple beamS were tested. These beams 
had a oolumn stub at midspan which was cast integrally yvith the beams. The 
purpose of the oolumn stub was to simulate the moment and she'ar oondi tions 
adjaoent to a column in a framed structure. Load was applied through the 
column stub. Variables were the steel percentage p and concrete strength ff. 
c 
The object of this phase of the investigation was 'to determine oriteria for 
predioting whether such beams will fail in shear or in flexure. 
2. 
Based on the test results, a fundamentally new empirical equation 
was derive-d for the shearing strength of simple reinforced concrete beams. 
In the third phase of the investigation all previous and available test data 
were analyzed in the light of the- empirioal equation. It is shown herein 
that the empirical equation can be interpreted by means of,the conventional 
theory of compression failures of reinforced concrete beams. , 
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3 •. Notation 
The following notation is used in this report: 
a = distance from end support to a ooncentrated 
load 
b = width of b earn 
C = internal oompressive force inconorete; 
(also various numerical ooefficients as 
defined in text) 
d ;:; distance from o.entroid of tension reinforce-
ment to oompression face of beam 
;:: ultimate strain in ·'oonorete, taken as 0.004 . 
= modulus of elastioity of concrete 
::;; slope of stress.:-strain curve for reinforcing 
steel in work-hardening region 
= modulus of elasticity of reinforcing steel 
fo = fy .,. Eoco' where Go = steel strain at beginning 
of work.;..hardening 
fi = compressive strength of 6 by 12~in. conorete 
c 
jd 
K 
cylinders 
= average compressive stress in oompression zone 
of concrete 
= yield stress of tension reinforoement 
= yield stress of oompression reinforcement 
::;; allowable tensile stress in web reinforcement 
::;; internal moment arm 
;:; (sino: + oos a) sina, where 0: = angle between 
Vleb bars and axis of beam 
kd = depth of oompressionzone of conorete8s deter-
mined from an equivalent section transformed to 
concrete 
k d 
s 
= depth of oompression zone of concrete at shear 
failure 
=0 . . . a parameter which determines the 
lr .p-Jlr "hM ' 
.o..3.Lc.o..s lJU. 
magnitude Qf the compressive force C. It is the 
ratio of the average compressive stress to the 
maximum oOmpressive stress in ooncrete 
~ == fraction of the depth of compression zone which 
4. 
determines the position of the compressive force 0 
in concrete 
= ratio of maximum compressive st:t'sngth of concrete 
in beam to compressive strength of standard test 
.oylinders 
L = span length of test beam 
M 
n 
nt 
p 
- bending momsl1t at first yielding of tension rein.,.,. 
forcement 
= bending moment 
=Es = elastic modular ratio, taken as 5 + '10,000 
f" 
ff 
'C 
As 
= -, 
bd 
= plastic modular ratio 
where A 
s 
= area of tension reinforcement 
e 
A' 
p' ;:: 2., where A.~ = area. of 'compression reinforcement 
bd 
Av 
r where Av = area of web re inforcement bs sina 
, 
and s = spacing of web bars along axis of'beam 
T = force in tension reinforoement 
td = distance between centroids of tension and 
oompression reinforcements 
5· 
v = $hearing force 
v = nominal shearing stress in concrete, v ~ ...:L- or bjd 
v = 
V as defined in text 
bk d 
s 
v ::; nominal shearing stress at ultimate- load 
u 
II.. REVIEW OF EARLIER RESEARCH 
It is estiIIlated that olose to 1000 beams have been tested in . 
this oountry in an a.ttempt to determine their strength in shear (1)*0 In 
thi;s number are inoluded both simple and restrained beams, and be8IDS both 
with and without web reint.oroementc Not all of thepe beams, however, 
6. 
failed in shear; furthermore, 'a, great many of the e~rly beams were of 
abnormally low oonorete strength, and in some cases the eXl;t'ot. ooncrete 
strength is not knownc Since oonorete strength is one of the major variables 
influenoing the shearing strength of a heam,a ·considera.bly smaller number 
of beams is ava:i,lable for a quantitative analysis to evaluate their strength 
~n shear~ 
This. investigation is oonoerned only with simple beams having no 
web reinforoement. A brief summary of the results of prev;lous investiga;;;. 
tions of suoh beams is given in the following para.graphs. 
4. Early E1mpirical Equations 
At the beginning of the oentury, so:...called diagonal tension or 
shear failur.es were oonsidered to be failures in diagonal tension; that is, 
failures due to theprinoipal tensile stress reaohing the tensile strength 
of theconorete. Talbot oarried out oonsiderable research Qoth on the 
strength of oonorete in pure shear and on beams failing in diago~a.l tension. 
* Numbers in parentheses refer to corresponding entries in the Bibliogra.phy. 
7. 
In 1906 Talbot (2) conolud~d that although it is diffiuult to devise a fOr~ 
of test specimen and a method of testing which will satisfactorily determine 
the resistance of concrete to pure shear (due to complications caused by the 
accompanying compressive, tensile, bulging, and bursting stresses),-it 
appeared that the shearing strength was, in general, at least 50 per cent 
of the compressive strength, and that it might exceed 75 per cent. Since 
the test values of the nominal unit shearing stress,. v 1:: .-1- ,. were 
bjd 
considerably below what· was considered to be the shearing strength of 
ooncrete, it was believed that reinforced ooncrete beamS did not fail in 
shear and that what had been called shearing failures were really diagonal 
tension failures. 
Since the real value of diagonal tension is generally difficult 
to determine, Talbot (3) considered the shearing unit stress:!.. as a measure 
of diagonal tension. The nominal shearing unit stress:!.. was· derived by 
considering the amount of horizontal tensile stress transmitted from steel 
to concreteo This stress waS oonsidered as uniformly distributed dvera 
horizontal section just above the plane of the reinforcing bars, giving 
.actually the horizontal unit shearing stress at that level. Since the 
vertical unit shearing stress must equal the horizontal unit shearing stress, 
a.nd since no tension was considered acting in the concrete, it·was concluded 
that therewa's no change in the intensity of the shearing stresses betwe-en 
the level of reinforcement and the neutral axis. Above the neutral axis, 
the intensity of shearing stresS must decrease8coording to the laws govern""-
ing the state of stress in homogeneous rectangular beams. Although there was 
sqme question about the presence of tension in concrete and the changes in the 
intensity of the shearing stresses in the compression zone, tIte neminal 
8. 
shearing unit stress v.~. as given by the formula v = V , was used as a basis 
bjd 
of comparison of tests results.. The autual diagonal tension stress was under-: 
stood to be considerably larger, up to more than two times the value of v .. 
From test results, Talbot concluded that the shearing strength of a beam, as 
measured by v, depended On the richness and the tensile strength of the 
concrete. 
In 1909 Talbot (4) reported the r'esul ts of 'addi tional tests and 
.concluded that the shear strength ofa beam as measured by 1. increases as the 
qualityoI concrete. increases, that:!.. increases with age of the concrete 
(since f6 goes up with age), that :z increasesa.f? the steel percentage.p 
increases, and as the span lengthL decreases. It is interesting to note 
that already in this bulletin Talbot listed the main variables considered by 
most of the present investigators. 
In 1927 Richart (5) reported the results of an extensive series of 
te.sts made earlier 'at the University of Illinois under TalbotJs direq..tion. 
Since by that time the concept of the truss analogy had been introduced in 
this country and since the strain gage was available fGr me8suringstrains 
in the web reinforcement; much emphasis was pIa-oed in determining the 
relationship between the nominal shear stress J!.. and the stress fv in the web 
reinforcement. It was observed, however, that the maximum stresses obtained 
in the web reinforcement were,. in generalJIDuch less than would be indicated 
by the trussanalog'y equations .. Hence) a modified truss analogy formula -was 
introduced: v = G + rfv ' where the factor .Qwas found to vary between 90 
and 200 psi and a statement was made that Q probably depends upon f6 and .,E. 
Thus for beams without web reinforcement the expression would be v = C(fbJ'P), 
9· 
but no further attempt waS made to continue Talbot's earlier investigation 
to establish the variables determining the shearing unit strength~. 
In 1926 Slater, Lord, and Zipprodt (6) reported two formuJ-as for 
shearing Eitrength, v :;:: 60 + 25b't- + rf v and v :;:: . ( 0.005 + r) f v which, however, 
were derived for thin~webbE?d,. I.."shaped reinforced concrete·bet;3.ms. For beams 
without web reinforce-rp.ent the first formula would yield 1.. as a. function of 
the web thickness b
' 
whereas the seeond formula considers the shear resist~ 
ed by concrete only indirectly. In this inveS.tigation again major emphasis 
was placed on measuring stresses in the web reinforcement and onoomparing 
di:fferent systems of web reinforcementn Helatiyely few beams were tested 
without some form of web reinforcement, henoe the oonclusions reached 
applied pr:i:marily for beams with reinforced webs. 
By this time, two schools of thought influenced d'esign practice 
in the United States. In one it was assumed that about one third of the 
vertioal shear -Was carried by the ooncrete and two thirds by the web rein-
for:eement. The second method involved the assumption that the conorete 
carried a constant portion of the working shearing unit stress (suoh ,as 40 
or 50 psi ora given proportion of f~) and that the web reinforoement 
oarried the rest. The latter school of thought seems tohav$ been generally 
acoepted, by the speoification writing bodies in this country. Thus, it was 
provided that the allowable shearing unit stress ]!., asa measure of diagonal 
tension, should be a certain percentage of the compressive strength of the 
ooncrete. For example, the ACI Building Code (3l8~51) speoifies that the 
allowable stress is v :;:: 0,; 03 f ~. 
The ooefficient 0.03 is apparently baSed on the minimum valuE1s 
of shearing stresses obtainHd in tests,. divided by a factor of saf'ety~ 
However, a study of simple beams with no web reinforcement which were 
tested between the years 1905 and 1952 and which failed in shear, revealed 
that the shearing unit stress at failure varied between the limits 0.02 f~ 
and'O.16 fl. Hence, the faotor of safety varied from less than 1 to more 
c 
than 5 for beams designed according to the present ACI Code. It mus"t; be 
pointed out, however, that in a large number of the early beams there is 
SOUle doubt about the oompressive strength of the concrete used in the test 
beams, which might account for some of the very low values ot' v ootained. 
5r Moretto~s and Clark's Equations 
Based on tests of 44 simple beams, Moretto (7) derived in 1945 
the following empirical equation: v = Krfy + 0010 ft; + 5000 p for beams 
with welded vertioaland inclined stirrups. This was the first modern 
attempt to evaluate in quantitative terms the contribution of the various 
elements of a beam to its strength in shear. Other variables besides the 
peroentage and inclination of web reinforoement were the concrete strength, 
and to a minor extent, the peroentage of tension reinforcement. Since -all 
beams were tested with third-point loading, one of the main variablt;3s 
relating the relativEi magnitudes of moment and shear 'at a section where 
failure ocCurs was not inoluded in this equation. 
For beams without web reinforcement MorettoJs. equation would 
yield v = 0.10 ft + 5000 p at failure. However, only four of the test bea.ms 
c 
had no web reinforoement and the above equation waS not intended to apply to 
such beams. Although in this equation the shearing strength of a peam was 
expressed in terms of separate contributions by the various cowponents 
(web reinforoement, concrete, and longitudinal reinforcement), it cannot be 
11. 
assumed that the effect of removing one of the sources of she-aring strength 
can be represented simply by reducing the corresponding term to zero. Such 
a procedure is not justified in view of the empirical nature of the equation, 
since so few tests of beams with.out web reinforpement were made. 
In 1951, Clark (8) reported tests on 62 simple beams involving 
the following y.ariables~ oonorete strength, percentage of tension rein~ 
forcsment, percentage of web reinforcement, and the ratio of depth of beam, 
~, to shear span,.!, He obtained the follQwing equation for shearing 
s'trength of simple beams: v = 7000 p + 0 .12 f~ (~) + 2500{r. 
C a 
Since 12 
of the test beams were without web reinforcement, the previous- equation was 
also intended to be applicable for such beams, yielding 
v = 7000 p + 0.12 f~ (~) at tailure. 
a 
ClarkfS equation is the first to acoount quantitatively for all 
of the variables listed by T,albot in 1909 as influencing the shearing 
strength of beams with no web reinforcement.. For such beams there is some 
similarity between Clark'J'sand Moretto's equations; both consider the shear-
ing unit stressy to be a line,a!' function of f' and p.. Clark" however, 
c 
introduced one additional variable, the ratio of shaar span to the effective 
depth, in his test program whereas this ratio was not a variable in 
Moretto's tests. A fundamentally greater differenoe betweerl the two equations 
lies in the way in which the effect of the web reinforcement is considered to 
contribute to the shearing strength of beams. Tllis can be explained by the 
fact that in all beamS tested by Clark, vertical stirrups with the same 
yield strength were used, whereas in MorettOJ,s beams both the inalinatio:)l 
and yield strength of the web reinforcement was varied. This also demon.;.-
strate,s how limited is our knowledge r8'garding the strength of reinforced 
12. 
concrete beams in shear and shows that much work remains before this factor 
can Satisfactorily be explained. 
In the present study,. both Moretto' sand Clark':s equations have 
beeri ohecked against the results obtained from other investigatj.ons. In 
'addition, two more empirical equations have been investiga.ted~ 
v = Krfy + Clf~ + C2p (i) a 
(0 ff, d v = Krfy + + c2P) a 1 c 
All these attempts to relate the shearing strengtn of simple. 
reinforced concrete beams to a linear function of f~ and p h,ave failed to 
giv~ a good oorrelation with test results. 
A study of beams without web reinforcement made by the 'writer 
indioated that best agreement with the results of all available investiga"'-
tionsofsuch beams was found with the equation: 
-. V = V' = fL a . 08 f:i + 22, oooJ bjd 0 
d 
a 
(1) 
Although thB"'Sgreement was still not' good; '-the above equa;tt-on was deemed to 
be the best available ano. was used as a guide in planning the experimental 
program. 
.13. 
, III. EXPERIMENTAL PROGRAM 
6. Planning of Tests 
The experimental program was planned primarily to yield criteria· 
for predicting whether the test beams would fail in shear or in flexure. 
In addition, beams failing in shear were to be analyzed to give quantitative 
information about the shearing strength of the t'est beams. 
Equation (1), as stated in the previous chapter, was used as a 
preliminary empirical equation for shear failures: 
v =.~ = [0.08 fl + 22,000 pl d 
bjd c j a 
Since M = Va, Eq. (1) can be written as follows: 
bd~f-:t = [0.08 + 22,000 
c 
pJ . ft." J c 
(1) 
The ultimate moment for flexural failures is given veryclos(31y 
by the following equation which was derived in a previous technical report 
M pf = s (1 
f' 
c 
Since the percentages of reinforcement to be used for the test 
beams were such as to give yielding of reinforcement at flexural failures 
k2 
fy = fs may be substituted in Eq. (3); and using k:k: = 0.5, Eq. (3) 
can be written as: 1 3 
(3a) 
14. 
Equations (2) and (3a) are plotted in Fig. 1 as functions of the 
parameter JL 7 for f = 45,000 psi and j = 7/8. 
f( y The point of interseotiOn 
c 
between shear and flexural failure curves gives a theoretical transition 
point between the two types of failures. 
Figure 1 waS used to determine the range of variables to be 
used in the test beams. Two design concrete strengths were selected} 2500 
and 4000 psi, and the steel percentage p was varied to give both shear and 
flexure types of failures. The actual physical properties of the test beams 
are described in the following section. 
7. Test Beams 
A total of 13 beams were tested. All beams had a rectangular 
cross section of 6 by 12 in. and were tested On a span of 9 ft. The overall 
"length of the test beams was 10 ft. A column stub 6 in. high was cast 
integr"ally with the beams at midspan; the length of the stub was 6 in. for 
the first beam and 12 in. for the other beamS. All column stubs were rein.;.. 
forced with six No. 4 vertical bars, having a length of 14 in." De-tails of 
the beams are shown in Fig. 2. 
The beams were loaded at midspan through the column "stub. The 
beams were reinforced in tension only and had no web reinfor"cement. The 
only variables in these tests were the compressive strength of the concrete,. 
f"t', and the percentage of "reinforcement, p. Two values of design concrete 
c -
strength, 2500 and 4000 psi were used. The percentage of tensile reinforce~ 
ment varied from 0.34 to 4.11. The phYSical properties of the test beams 
are given in Table 1. 
15. 
8. ·Materials 
(a) Cement..., Type I Lehigh Portland Cement was used in all beamso 
(b) Aggregate - The aggregates were a Wabash River Valley sand 
having ~n average fineness modulus of 3.1 and a Wabash River Valley gravel 
of l-ino maximum size. 
(c) Reinforcing Steel ~ All reinforcing bars used were inter-
II1ediate grade) Hi-Bond type bars meeting ASTM Designation A 305-'50T. The 
phySical properties of the reinforcing steel are included in Table 1. All 
bars were straight) 2 inc shorter than the overall length of the beam, and 
placed in one layer . 
. 9. Fabrication and Curing 
Before the reinforcement was assembled, 6,.,.in. gage lines for 
mechanical strain gages were rr1arked on the two outer bars and the gage 
holes punched and drilled. CorkS of 1 3/8 in. in outside diameter were 
wired to the bars over the gage holes in order to form core hole.s in the 
sides of the beam and provide access to the gage holes. 
Concrete was mixed in a 6:".cu. ft. capacity non~tilting drum 
mixer. Two batohe.s of concrete weTe used for each beam, and both the beams 
and six 6 by 12 .... in. control cylinders for each batch were cast in steel 
forms. Concrete was Placed in the forms with the aid of ·.an internal Vibrator, 
the first batch in the· ends of the beam and the second batch in the middle. 
After the initial set the concrete was struck off and trowelled smooth. 
The forms were removed one day after casting and. the specimens 
placed in a moist roomo Seven days after casting, the sp.ecimens were 
removed from. the moist rOOm and were stored in the air of the laboratory. 
The beams were tested at an age of about 28 days, at which time 3 control 
cylinders from each batch were tested. The other 3 cylinders were tested 
at 7 days. 
10. Test Apparatus 
The beams were tested on a 9~ft. span in a 300,OOO-lb. capacity 
Riehle screw~type testing machine. The load was applied at midspan through 
the column stub. To provide access to the entire length of beam during 
testing, the beam was offset in the testing machine. The testing machine 
was used to apply the load but a 125,000-lbo elastic-ring dynamometer was 
used to measure the applied load. 
For a more detailed desoription of the test apparatus See 
page 14 of a previous technioal report (9). The same test appar'atus was used 
in both investigations. 
11. Testing Procedure and Measurements 
Loads were applied in from four to six approximately equal incre--
ments up to failure in shear or to first yielding of reinforcement.. The 
number of load increments after yielding d,epended on the duotili ty of the 
beam. The development of cracks was carefully obs,erved and recorded by 
photographs taken with a 35-mm. oamera at every significant ohange in the 
crack pattern, 
In all tests the following quantities were measured: 
(a) Tel1sile $train -. Str'ains in the tensile reinforoement w~re 
measured with a mechanical type strain gage on six~inch gage length. 
A Berry type gage was used until the strains exceeded its range, thereafter 
a direct~r8ading type gage was employed 0 The Berry type gage had a sensiti.,... 
vity of 0.00003 in. per in. and the direct~reading gage 0.0006 in. per in. 
A total of 17 gage lines were located on each side of the beam as shown in 
Fig. 2. In the early tests, strains were measured at all 17 gage locations, 
while in the later tests, readings on some of the gage lines at the ends of 
the beam were omitted. 
(0) Concrete Strain""" Strains on the top surface of the beam 
were measured with Type A-II, SR-:-4 electrical strain gages. Gage locations 
are shown in Fig. 2. 
(0) Deflections·- The deflections of the beam were measured to 
the nearest 0.01 in. by meanS of a steel scale at eleven locations On each 
side of the beam, as shown in Fig. 20 In addition,. the midspan deflection 
was measured to the nearest 0 .. 001 in. with a dial indicator. 
IV. TEST RESULTS 
12. Modes of Failure 
The test beams were designed to give both tension and shear 
failures. Out of th8' total of 13 beams, six failed in shear and seven in 
tension. 
18. 
The typical failure in shear was a sudden destruction of the 
compression ZOne just above the diagonal crack. Simultaneously with shear:'"" 
ing off of the oompression zone, all beams split along the te.nsilereinforce-,. 
mente It was noticed that the amount of tensile reinforcement influenced 
the manner of shear failure" When the steel percentage p was relatively 
small, the formation of diagonal cracks was gradual and could be observed 
visuallyo The final collapse occurred after the diagonal craoks were well 
developed. With an increasing steel percentage the formation of diagonal 
cracks was more sudden and the final oollapse followed shortly after the 
. craoks had formed. For the highest steel percentage, 4 .. 1 per cent, the 
failure was very sudden with only a slight tendency for diagonal oracking 
before the final oollapse. Fig. 3 shows a typical beam of thi.s group) Beam 
&-4, after shear failure. 
Moment-defleotion ourves for b~ams whioh failed in shear are 
given in Fig. 6. It is seen that the maximum deflection at failure was 
very small. 
Beams which failed in tension cracked under a relatively small 
load. As ,the load was increased the tension reinforcement yielded. After 
the reinforcement had yielded, the beams underwent a relatively large 
19· 
deflection with little further increase in load. When the concrete in the 
compression Zone reached its limiting strain, the maximum load-carrying 
capaoity of the beams was reached and compressiOn failure occurred. 
Moment-deflection ourves for beams whioh failed in tension are 
shown in Fig. 7. It is seen that these beams exhibited muc'h larger 
deflections at ultimate moment than the beams which failed in shear; note 
that different scales for deflection are used in Figs. 6 and 7. The rela,-
tive magnitudes of these deflections depend on the parameter q whioh is a 
measure of the depth of the compression zone. When q is very small, there 
is ample concrete remaining after crushing of concrete on the .I.. __ _ .I> .I..'!..._ UU.I:i U,l. U.Lit:1 
beam, and the compressive force is transmitted toa lower portion of the 
beam. The lever arm of the internal moment is thereby reduced but the load 
remains near maximum, primarily due to the fact that the steel stress) being 
in the strain-hardening region, increases. Finally the lever arm of the 
internal moment is considerably reduced and the load on the beam drops off 
gradually. As the quantity q increases, the magnitude of deflection at 
ultimate moment decreases and the drop in load is mbre sudden. This pheno~ 
menon is seen in Fig. 7 and is discussed in detail in a previous teohnical 
report (9). 
In the present series of tests one additional factor influenced 
the load~deflection characteristics of a beam. Fig. 7 shows that beams S~l, 
S~9, and 8-:-10, whioh were in the transition region between tension and 
shear failures, had little or no load-carrying capacity after the ultimate 
moment was reached" and the concrete crushed . These beams with well-developed 
diagonal cracks collapsed after first crushing of concrete in the same manner 
20. 
as beams 'Which failed in .shear and are subsequently called tension-.shear 
failures in this report. Fig. 4 shows a photograph of a typical repre-
sentative of thi~ group, Beam 8-9, after failure. The remaining beams' in 
the tension group failed gradually as described above. Figure 5 shows 
Beam s...,.6 in this group after failure. 
13. Test Results 
Test results for the 13 test beams are given in Table 2.' 
The quantity M , as determined from the test results, is 
bd2 f f ' 
c 
plotted against the parameter p in Fig. 8 which is similar to Fig. 1. 
f~ 
c 
Beams failing in different modes are marked with different symbols, as 
noted in the figure. The values of 
bd2f' 
c 
as 'predicted by equations 
(2) and (33.) are plotted as continuous lines. The value of j varied from 
0.823 to 0.885 for 'beams which failed in shear or seoondarily in shear; 
the average value, j = 0.854, is used for Eq. (2) in Fig. 8. For beams 
which failad in tensi6n th~ average value of yield strengh, fy =,44,410 psi, 
is used in Eq~ (3a). 
All bea.IDS which failed in tension, either with or without a 
secondary shear failure, fall slightly higher than the theoretical curve; 
however) as seen in Ta~le 3, the steel stress at failure waS above the yield 
stress of the reinforcement. When reinforcing steel is considered acting 
with its actual stress at failure, good agreement is obtained between the 
test results and the predicted values. The average yield stress in Eq. (38,) 
was used only.as a convenience in plotting the theoretical values. 
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No Satisfaotory agreement is found, ho.wever, between the beams 
which failed in shear, or seoondarily in shear, and the preliminary empirical 
equation (2) for shear failures. It is seen that the soatter in test results 
is very oonsiderable. Since Eq. (2) is fundamentally in the form of 
1[ = b:d = [Clf:' + C2P] ~ , the wide scatter of points in Fig. 8 shows that 
no set of numerioal constants in the above equation would give good oorrela~ 
tion with the test results. d Furthermore, since the ratio - was kept oonstant 
a 
for the test beams,' this plot suggests also that no expression in the form of 
v == o f:t: (~) + 0 P 1 oa2 or v == 0 f' + Op(~) 1 0 2 a oan be found to give good oorrela-"-
tion with the test results. The ratio i, being a constant, can only modify 
the numerical coefficients Cl and O2, depending upon which of the two it is 
oOnSidered to be influenoing, while retaining the equation's linear form. 
This is the SamE) as trying to draw a straight line through the points which 
failed in shear in the hope of finding a partioular line whioh would paSs 
through or olose to all suoh points. It is seen in Fig. 8 that this is not 
possible. 
Upon oloser examination of Fig. 8, however, it is noticed that the 
points falling farthest from the curve representing Eq. (2) are either of low 
ooncrete strength or,. while being of higher oonorete strength, have a rather 
large percentage of reinforcement. For easier identification, all beams of 
the lower concrete strength are circled in Fig. 8. This suggests that it may 
be pos.sible to represent the shearing strength!. either by a higher than first 
degree fUnotioIl off' and p or by inserting one additional constant in Eq. (2). 
c 
From the loo.ations of the different points in Fig. 8 it oan be seen that 
equations in the following form oan be us.ed to represent the shear s.trength 
of the test beams: 
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v = ~ :::; fo f·f - 02(f
C
·
t )2 + 03P] ~ bjd l 1 c a (4) 
or 
v = --L.. = [c + 0 f ',;, + 0 p l .£ 
bjd 1 2 c 3 j a (2a) 
!Jeglecting slight variations in t"hs quantity j and including its 
effect in the values of the numeri,cal coefficients} thecoeffioients of 
equations (4) and (2a) were de:termined from the test results,) and the equa-'-
tions were rewritten as follows: 
and 
M 
2 
bd fr 
o 
M 
2 bd ft 
c 
2.8 f' 
= o. 27 ~ _----,--..;."c + 5700 L 
105 f~ 
0.091 + 259 + "1700 E-
- f J. - I - - f..1, 
e c 
(4a) 
( 2b-) 
These two squations give very nearly the same, results in the 
range of ff for which they were derived" from about 2000 to 4500 psi;' 
c 
outsids thiS range, however, the results become widely different. Since the 
va~iation of fri in the test beams was not large enough to determine which of 
the two equations had more general applicability outside the scope of the 
test beams, both equations werecheoked against the result,s of previous 
investigations. It was fOhnd that, in general, an equation of the type of _ 
Eq. (4) gave better agreement with the test results than an equation of the 
type of Eq .. (2a), the numerical coefficients, however) were ,d'ifferent for 
different investigations. Furthermore, the coefficients 01 and O2 inEq. (4) 
could be expressed as 'constants whereas in Eq. (2a) they seemed to be 
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funotions of f6. This suggests that the shear strength :L must be a higher 
than first. degree funotion of fS and p and Eq. (2b) was therefore 81iminated 
from further consideration. 
Equation (4a) for shear failures and Elq. (3a) for flexural fail-
ures are plotted. in Fig. 9 as functions of the parameter pl-fd. For Eq. (4a) 
the two dashed straight lines refer to the average values of concrete 
strength, f~ = 2200 psi for the low group and f6 ;:: 4200 psi for the high 
group; ~nd the two broken continuous lines correspond to the particular 
values of concrete strength for each beam. 
It is seen from Fig. 9 that.there is good correlation between the 
test results and the values predicted by Eq. (4a). Table 2 shows that the 
maximum deviation from the predicted value is 11.8 per cent for beams which 
failed in shear; beamS -which failed in tension with aseoondary shear fail-
ure tend to be low. 
Despite. this satisfactory .agreement,Eq. (4a) ~annot have general 
applicability since it was based on only a very· limited number of tests and) 
as pointed out before) it did not give satisfactory agreement with previous 
test results. The range of steel percentage p was rather wide) but essential~ 
ly only two values of concrete strength, 2200 -and 4200 psi)" were use~. 
Furthermore, only one beam having the lower concrete strength failed in shear. 
In addition, one of the roain vELriables influencing the shear strength of 
beams, the ra.tio of E. ,was not varied in these tests. Thus Eq. (4a), like 
a 
any other previous empirical equation, is not applioable outside the range of 
variables for which it was derived. For these reasons another attempt is 
made in the following chapter to derive a general expression for shearing 
strength of reinforced concrete beams. 
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V. ANALYTICAL STUDIES 
14. Derivation of Empirical Equation 
After the formation of a diagonal tension crack a reinforced 
concrete beam, when not failing in tension} will fail Bither in the compres. .... 
sian zone .. of concrete, in bond, or by splitting along the tensile reinforce-;;.-
mente 
Failure by destruction of the compression zone just under a 
ooncentrated load is most common. Thus the failure takes place at the 
seotion of maximum moment and. maximum shear. However, the real cause of 
failure has not been generally understood. It has been suggested that this 
type of failure is the result of the principal flexural stresses, compressivE! 
or tens.ile) Or of the maximum shearing stress. 
Previous investigations have indicated that t.heshearing .unit 
strass v is a function in the following form: 
v = ..::L ;= F ( p , f f j ~) 
.c a bjd 
But as was seen before, all of the empirical equations suggested by differ ... 
ent investigators have failed to give good agreement with all of the avail~' 
able test r~sults. 
In this investigation it was first assumed that the total shear.;.., 
;Lng for.ce ! is resisted solely by the compression area of concrete. For 
beams without compressive reinforcement, the area of the compreSSion zone 
is given by ksdb, where the quantity ksd refers to the depth of thecomp:sesc 
sion Zone at shear failure. 
I 
Thus the shearing unit stress is. given 
vu-, 
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v Fdb . It was further assumed that the ultimate shearing unit stress, 
s 
is a function of f'. 
c 
Test results have shown that the shear capacity'of 
the compression zone decreases as the moment .... shear ratio., M/v, increases. 
This effect has usually been taken into consideration by the i-ratio, and 
a 
there seems to bea linear relationship between this ratio and the .shear 
capacity of the beam. Since both the horizontal compressive stresses and the 
vertical shearing stresses are assUIIled to be resisted by the same compressive 
area, it seems more reasonable to consider the shear~compressive force ratio 
vic rather than the M/V-ratio as influencing the ultimate load in shea.r.· For 
U .!..:I 
the type of beam under consideration it can be written that -5= ~. Thus 
the ultimate shearing stress Vu can be expressed as follows.: 
ent way: 
Vu ;::. _V_. ;:: jd F (f") kdb . ale 
's 
(6) 
It is noticed that this expression can be rewritten in a differ.:.-
Va;:: k jF ( :f J ) 
bd2f': s c 
c 
or _M_ ;:: k jF(f") 
2 s e bd ff 
c 
These equations are in .a form which suggest that the criterion 
for shear failures is a limiting moment rather than an ultimate shearing 
stress. There is Some supporting evidence for this observation in previous 
test results. Beams with no web reinforcement tested by Clark (8) had the 
d ratio of 
-a 
as the only variable; all these beams failed at a nearly 
constant moment, although the total shear force at failure depended upon 
the location of the loads on the beams. Turneaure and Maurer (10) reported 
a series of tests on small mortar beams with the ~~ratio as the only 
a 
variable, and their results again show that the· ultimate moment was nearly 
the same for all positions of loads. Furthermore, the empirical equations (2) 
and (4a), derived previously, also have the ;form of a mOment equation. Thus 
the so-called shear failures seem to be failures in· compression) the beams 
failing at a limitingaveragecornpressive stress or a limiting total compres~ 
sive force in the compression Zone of the concrete. This type of failure 
differs from failures in flexural compression only because the compre.ss.i ve 
area is reduced because of diagonal tension cracking .. 
The aboveEq. coon can easily be derived by considering the average 
oompressive stress in the concrete.. The following relationships can be 
written for a section where failure occurs: 
Then 
c :; M.... =Va 
jd jd 
c = A (f ) 
c c av 
A k db 
c s 
(f) = F (f J ), at failure. 
c av 1 c 
or ,M 
2 
bd f~ 
kg. j F( f"') 
c· 
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In the new empirical equation (7), there are two main unknowns: 
the depth of the compression ,zone ksd and the limiting average compressive 
stress, related to F(f'). The quantity j can be considered as a constant 
c 
since it does not vary over a great range. 
The depth of the compression zone can be determined accurately 
for flexural failures, both in tension and in compression, by considering 
statical equilibrium and the strain relations involved. For shear failure, 
however, no theoretical relationship relating the extent of diagonal tension 
cracking and the properties of the beam has been found. ' From previous inves-
tigations, it can be shown qualitatively that ks is a function of f~ and E. 
Furthermore, this function must be a complex one since different empirical 
equations oonsideJ;'ing 2. as a linear ,function of f~ and p have failed to 
agree with test results. 
In this analysis, it was considered that ks is related to ! as 
determined by the "straight line" theory, based on an equivalent section 
t~ansformed to concrete. It was considered that if ks is either a constant 
proportion of the "elasticn~, or a proportion which depends on f~, the 
empirical equation can still be written as 
(8) 
The unknown function F(f~) in the above Eq. (8) must be evalu-
ated empirically. In the following articles} it is evaluated first for 
beams tested in connection with this investigation and then for other avail-
able test data. 
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(a) Test Data of This Investigation ~ In order to evaluate 
the unknown function F(fci)inEq. (8), the value of k was determined for 
each beam by the well-known equation 
\1 2 I 
k = ~(pn) + 2pn - pn (9) 
which is valid for beams with tensile reinforcement only. The modular 
ratio n was determined by Jensen's formula (11) 
n = 5 + 10,000 
fl 
C 
whioh has been found to give reliable results. 
(10) 
The quantity M is plotted against f6 in Fig. 10. It 
2 bd f1k 
c 
is seen that the function F(f~) can be represented for the test beams 
7.3 f' 
by a linear expression: F(f~) = 0.73 - c , where f~ is expressed 
105 
in pounds per square inch. For this group 6f beams, Eq. (8) becomes then: 
M 
7.3 fl 
= k( 0 . 73 -- 5 C) 
10 
It is seen that Eq. (8a) agrees quite well with the test 
(8a) 
results. The maximum deviation from the average line is 11 per cent. 
(b) Other Test Data - In the analysis of other test data, 
attention was directed only to simple reinforced ooncrete beams 
subjected to ooncentrated loads and having no web reinforcement. 
out of the available test beams only those were selected for which completS 
information was given, such as the cylinder strength f~, steel percentage pj 
croSS section and span of the beam, location of loads, and the maximum load 
obtained. 
A total of 30 beams were included in the analysis 0 These were ·the 
beams reported by Clark (8), Moretto (7), Richart (5), Richart and Jensen (i2), 
and Gaston, Siess, and Newmark (9)0 The range of the test variables for the 
different groups of beams are listed in Table 4. 
The quantity M for all of the beams in Table 4 is plotted against 
f~ in Fig. 11. It is seen that the concrete strength for most.of the test 
speoimens was between 3000 and 5000 psi. Within these limitsRfb) c~n be 
approximated by a linear equatidn~ 
4.5ft 
F(f') = 0 .. 57 _ __ c 
c 105 
Substitution 
of this expression into Eq. (8) gives the following equation for moment at 
whioh a simply supported beam without web reinforcement and under concentrated 
loads fails in shear: 
4.5 f' 
_M ___ = k(O.57 ~ 0 ) 
2 5 (8b) 
bd fa 10 
c 
The agreement between Eq. (8b) and test results is satisfaotory. Most 
of the test beams are well within .2:15 per cent of the predicted value~ One 
of Clarkts beams is low; Clark; however, tested 3 identical beams in a 
group and the remaining two show very good agreement with the predicted 
values. 
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In this oonneotion, it must be pointed out that all oompression 
failures are very sensitive to the oompressive strength of the oonorete at 
the seotion of failure. The oompressive strength reported for a test beam 
is the average strength obtained from oontrol oylinders. Sinoe even oontrol 
oylinders oan have wide differenoes in their strength} it is not expeoted 
that a test speoimen is of uniform oonorete strength. If the oompressive 
strength at the seotion of failure happens to be greatly different from 
the average strength of the oontrol oylinders, the test beam may fail at a 
load widely different from the predioted load. It is believed that most of 
the soatter in test results oan be attributed to the variation of oOnorete 
strength from the average value. 
(0) Effeot of Column Stub.,.. It is reoalled that all beams tested in 
oonneotion with this investigation were provided with a oolumn stub at-
midspan whioh was oast integrally with the beams. The purpose of the 
oolumn stub was to simulate a beam-oolumn oonneotion in a framed struoture. 
The beams were loaded with one oonoentrated load through the oolumn stub. 
All other test beams analyzed in the previous seotion were simple beams 
without a oolumn stub and loaded with two oonoentrated loads. In most 
oases,. loads were applied at the third-points of the span; however; for 
beams tested by 'Clark (8) the position of loads on the beam was one- of the 
test variables. 
Equations (8a) and (8b) show that beams of the present series failed 
at a somewhat higher load than oould be predioted for beams without oolumn 
stubs. It is possible that the presenoe of a oolumn stub had a strengthen-
ing effeot aga.inst shear failures. 
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Another difference in the test beams, the use of either one or 
ooncentrated loads, is not believed to have influenced the ultimate 
Although no beams without a column stub and loaded with only one 
load at midspan could be found for comparison, the form of Eq. (8) suggests 
that the position of the loads is important only as far as it affects the 
bending moment. Hence the fact that only one load was employed in the 
present series of tests should not have changed the effect of the a/d~ratio. 
It is noticed that for low values of f~ the increase in strength 
due to the column stub was larger than for high values of f', 21 per cent 0. ' 
for f I ;:::: 2200 psi and 11 per cent for 4200 psi. The limited number of 'ie-Cst 
0. 
specimens, however, does not permit any definite conolusion regarding the' 
possible reasons for these differences. 
15. Theoretical Interpret~tion of Empirical Equation 
The new· empirical Eq. (8b') can be interpre ted in the light of' 
the conventional theory of compression failures of reinforced concrete 
beams. The only modification is in the depth of the compression zoneD The 
following stress block is assumed. 
d-'----
LLL 
T ,pbdfs M 2 " bd f' c 
C T 
M Cd (1-k2ks ) 
M ;::: k k f"k bd2 (1_k k ) 1 3 c s 2 s 
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The parame~ers kl k3and k2 have been determined experimentally by previous 
investigators. In Fig. 12 the values of klk3 as obtained by Gaston (9) 
and in a prestressed concrete investigation at the University of Illinois 
(unpublished), have been plotted against f~. There is considerable scatte.r 
in the measured values as would be expected in an investigation of·this 
kind. fA reasonable approximation, however, can be obtained by a linear 
When fl is within the limits of 2000 and 
c 
6000 psi, the parameter klk3 can be approximated as follows: 
1008 f' 
kl k3 = 1.37 ... __ --..:..c = 
4.5 ft 
2.4 (0.57 -:- __ 0 ) 
105 105 
. Substitution of this function into Eq. (11) gives: 
405 fl 
_M_ = 2.4 (0.57 ,"""0) 
2 5 bd f I 10 
c 
k (1.- k k ). 
s 2 s 
It is notioed that this equation is in the same form as the previously 
(12) 
(13) 
found empirical Eq. (8b). Equating the two yields a relationship between 
ks and k: 
(14) 
For the beams analyzed in this investigation, ~ varied from 0.32 to 0.53. 
This variation and the use of k2 = 0.45 limits the quantity (1 -- ~ks) to 
the range 0.89 to 0.94 with an average value of 0.92. Hence, ks is practi-
cally a constant fraction of ~j the depth of the compression zone computed 
by the "straight line rI. theory. 
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This finding explains why the previous attempt to use the value 
of .! as a measure of the depth of the compression zone ksd at .shear failures 
gave fairly good agreement with test results. It does not explain; however, 
why these t~o quantities are related. It might be a coincidence that the 
variables fb and p which determine ks enter into the computations to detHr~ 
mine k in a similar manner. 
16. Beams Reinforced Both in Tension and Compression 
Equations C8b) and (11) were derived for beams without corripres':'" 
sion reinforcement. For beams reinforced both in tension and compression 
Eq. (11) can be modified as follows: 
M klk3 If k bd2 (l .... k2k ) + f' pt bd2t 
c s s s 
(15) 
where td is the distance between the centers of the tension and compression 
reinforcements, fJJ is the stress in the compression reinforcement, and p:i 
is the ratio of compression reinforcement. 
Since the ultimate strain in the concrete is approximately 0.0040 
and the yield strain for reinforcing bars around 0.0017, yielding of the 
compression reinforcement precedes crushing of the concrete in most flexu~ 
ral compression failures. For shear compression failures, however, diagonal 
cracks extend higher than the vertical tension cracks and it is conceivable 
that a beam can fail either before or after the compression reinforcement 
yields. Expressions for ultimate shear moment for both of these two cases 
are derived in the following paragraphs. 
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If it is first assumed that oompressive reinforoement has reached 
its yield stress f' at shear failures and that k is still given by y s 
ks = k , Eq. (15) for maximum shear moment oan be written as: 
2.4(1-.k k ) 
2 s 
M 
2 bd f' 
° 
k (0.57 
4.5 f' 
___ 0) + n'p't 
105 
(16) 
Since Eq. (16) assumes that oompression reinforoement has yielded while 
the tension reinforoement is still elastio, the elastio modular ratio E: 
has to be used for the tension reinforoement and the plastio modular ratio, 
f'f 
n"t. = J, for the oompression reinforoement in oomputing the quantity k. 
f' 
° If, however, it is assumed that a beam fails before the oompression 
reinforcement yields, an expression for maximum shear moment oan be derived 
by making the same assumptions as in the oase of Eq. (8). The preSenoe of 
oompression reinforoement is oonsidered as increaSing the oompression area 
by an amount of np'bd, the steel area transformed to oonorete: 
Ao = bkd + np'bd = bd (k + np') 
In this. expression the elastio modular ratio n is used for both oompressibn 
and tension reinforoement in oomputing the quantity!. The modified oompres-
sian area leads to the following equation whioh oorresponds to Eq. (8) for 
beams without oompression reinforoement~ 
M 
2 
bd fl 
c 
= (k + np') F (f ~) (18) 
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4.5 f' 
The use of F(f~) = 0.57 ~ --5-0 
10 
as for all other previous data gives for 
the ultimate shear moment: 
M 
2 bd ff 
c 
4.5 fi 
(k + np ,) (0.57 .;. 50 ) (18a) 
10 
It is seen that equations (16) and (18a), based on different 
assumptions, are greatly different. Equation (16) gives a muoh higher ulti-
mate moment that Elq. (18a). Unfortunately, there is no published data 
available to oheok the ~bove assumptions and the validity of the equations. 
Most earlier investigators, however, have oonsidered that the presenoe of 
compressive reinforoement does not affeot the shearing strength of a beam. 
This observation seems to invalidate Elq. (16), and it is believed that 
Elq. (18a) oonsiders the effeot of oompression reinforoement more oorreotlY. 
Aooording to Eq. (18a) the shear strength of a beam with oompression rein~ 
foroement is but little greater than that of a beam without: p' deoreases 
the value of ! while adding the term np', so that the quantity (k + np') 
is but little greater than the value of k for a beam withoutoompression 
reinforoement. 
17. Transition Region Between Shear and Tension Failures 
When the physioal properties of a reinforoed oonorete beam are 
such that it fails in tension with a seoondary orushing of COnoret~, 
moment at first yielding and at ultimate load oan be oomputed by theoretical 
expressions. In order to determine the theoretioal transition point between 
shear and tension failures, the quantities M 
2 
bd f~ 
for the.se two moments and 
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an expression represent-ing the shear strength of the beam dan be plotted 
against the parameter p/f'. A hypothetical set of such curves is shown in 
c 
Fig. 13a. As an aid in discuss-ion, they are drawn out of-- true proportion, 
the ultimate 'momentbeing actually only from 10 to 20 per cent larger than 
the 'moment at first-·yielding. 
These curves suggest three a1 te'rnatives for the t-heoretical 
transit'ion puint~ . First , it can be assumed that the transi t-ion point is 
determinErd by the-u1.timatemqrnent and shear curves, point ~ on Fig. 13b. 
This aTternative means that when plf" = a, the beam reaches' 'bdth its ul ti'"'-
c 
mate flexural load and ultimate 'deflection before failure. When plf' is 
c 
between a and :£,the beam yields first but 'fails secondarily in f?hear 
before ei theT the ultimate flexural load or def'lection are reached 0 And 
at p/f~ = b the beam fails in shear as'soon as the reinforcement starts to 
Figure 13c shows the seconda1-ternat-ive. It assumes that the 
shear strength is reduced as soon as first yielding' occurs.ThW1l the 
theoretical point' of' trans-ition·-isat:::.., at s-oIDe--point before the tnter-
sectianof" the ultimate moment and shet;:tr curves. From c to b the beam yields 
but failS in shear before 'either the ultimate flexural load or the load 
corresp-onding to failure in she-ar is reached. 
The third a1 te-rnati ve is shown -in Fig~ 13"d . "ThlS assume s that 
the theoretic-altrans'ition point is' at- !; before' E. the beam d-evelops its 
flexural capacity, a.l though from -!! to··E. the flexural capaci ty-is-' gre-~ter 
than its-' strength· in' pure- shear. This alterna-ti ve can be defgnd'e'd' by assum.;. 
ing that the first yielding takes place 'at tension cracks, hence all rotation 
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thereafter occurs at the tension cracks and the progress of diagonal 
cracks is arrested. For .P/f~~ > b the beam fails in shear. 
Very little is known about the actual behavior of a beam in the 
transition region between shear and tension failures. In the following 
paragraphs an attempt is made to analyze the results of the· present series 
of tests in the light·of' the above discus-sionc Although-the number of test 
beams was limited) it is believed that some qualitative information can be 
obtained. 
Theoretical moments at first yielding and at flexural ultimate 
were computed by the following equations which were derived in the previous 
technical report (9): 
M pf 
y =---X. 
2 fl 
bd fL c 
c 
(1 - ~ ) 3 -
The steel s-tress f- in Elq. (3) was calculated by the following equation) 
s 
also previously derived (9)= 
~ El k,k f1c fs = 0 1 3 c u p + 1: eEl c 4 -0 U 
The· values of M 
bd2fl 
C 
for the test beams as calculated by 
.p 
Eqs. (19) arid (3) are given in Table 3 and plotted against p/f-' in Fig. 14~ 
c 
It is seen that all beams which failed in tension, except 8-10) exhibit 
3S. 
mOllentswhioh are slightly less than the theoretioal moments given by 
Eq. (3). This differenoe is primarily due to·thefant tnat "the idealized 
stress~strain ourve used for reinforcing steel inEqo (20) becomes in error 
on t'he high side for higher value.s- of steel strain. It is observed, how~ 
ever) that all tensio-n' failures ,inc luding those which have been called 
tension,-shear failures, fall low by approximately the same proportion. 
This. seems' to- indicate that'all such beams developed their full flexural 
strength at failure. Moment-deflection curves in 'Fig. 7 also suggest that 
t-he three beams 'in the tension~shear group developed their full or close to 
full flexural deflection before failure. These beams differed from the 
other tension failure'S only' in the 'manner of final collapse. After the 
flexural load~carrying capacity was reached, these beams failed by a sudden 
collapse similar to that of shear failures. 
Equation (Sa) representing shear failures is also plotted in 
Fig. 14. This curve and curveS corresponding tot-he measured ultimate 
moment and to the moment at first"yielding as given-byEq.-(19) permit us 
to check the three previously suggested alternatives for the transition 
point between tension and-shear failures. 
It is seen that beams 8-S, 8"76, 8~7, and 8..,.12 are well below the 
loads whiCh oorrespond to .she·ar failure. These beams reacbedtheir ul ti .... 
mate flexural capacity and -then the 'load'gradually' drop-ped" of'f ~ Their 
behavior indicates'a region to . the left of' point~ in Fig. 13b or 13d. 
Beam 8-:--1 failed at a load which corrHspnnds- to "b-oth ·the ul ti-'-
mate flexur'aland shear capaci ty-~ After the uJ:timate load..:,oarrying capacity 
was reache~d;t-hHbemn'failed by a sudden collapse. This beam seems to 
represent point a in Fig. 13b or 13d. 
"!l; 
• .d: 
Iio!. 
, 
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Beam 8"";9 failed at the ultimate load in flexure but' sTightly . 
below the ultimate in shear. This refers to a point sligbtly to the left 
of a in Fig. 13a or l3d. The final failure waS a sudden collapse. 
Beam 8~lO failed at the ultimate load in flexure and slightly 
above the ultimate in shear.. J"udging from the shear and moment at first 
yielding curves;, tbis beam seemS to correspond approximately to the point 
b in Fig. 13d. 
The remaining beams failed in shear. It is seen that the 
moment at failure was considerahlybelow the moment which would cause yield-
ing-' of the reinforcement. These beams refer' to a region to the right of 
point E. for all alternatives in Fig. 13. 
The, above findings' seem to agree wit-h Alternative 3 bf thE;3 
previous discussion. This suggests, referring to-Fig. 15d, that the transi.,.. 
iion'point between shear and tension failures is at b. -when p/ft > b,- a 
c 
beam fails in shear. When a <p/f~ < b,. a beam reaches its ultimateflexu'" 
ral capacity and develops its full flexural defleotion. The final failure 
aft's:r crushing df cbncreteis, however, very sudden and similar to that of 
a shear failure. ,When p/f'! < a, a beam -reaches- its ul-timat-e' load--' in flexure 
c 
and then shows a gradual drop in its Toad...:.deflection curve " 'With an _ increas-:-
ing va:iue of 'p If- the drop in loadbetrc:mres--more' markeu -and at values of p /f J 
a c 
approaa'hing ~ the finaT failure may be a sudden collapse similar to tbat in 
In the abov'e comparison itwas-tacit-ly assumed 'that'Eq~ ,( 8a) was 
the true measure' of' shear strength- of -the -be'amB under consideratiqn. It is 
recalled,' howeverj that- in deriving Eq. -( 8a) -tire-re was a' deviator-on between 
the measured and predict-ad values up ,to II perc-e'nt.' This dtffe-re'nce might 
invalidate "some of -the conclusions reaehedabove and' shows the need -'for future 
research. 
40. 
VI. SUMMARY AND CONCLUSIONS 
18. General Summary and Discussion 
Both the test results of this investigation and a review of 
previous research indicated that the shear strength of a simple reinforced 
concrete beam without web reinforcement and loaded with one or tWQ concen .... 
trated loads is not a linear function of fl and p, as it has been usually 
c 
assumed. Results of the present series of tests suggested an empirical 
equation in the following form: 
v=~. = [Clf I .... C2(f f)2 + C3P] §. bjd . c c a (4 ) 
Taking the quantity j as a constant and including its effect in the 
numerical coefficients, the coefficients of the above equation were 
evaluated for the beams with column stubs and the equati9n was rewritten 
as follows: 
M ~~ =0.27-2 
bd fl 
c 
2.8 f' 
c p 
+ 5700 ft 
c 
Equation (4a) gave satisfactory agreement with the beams for 
which it was derivedmBut like any other empirical equation, deri~ed for 
a certain series of tests, Eq. (4a) was not expected to have general 
applicabilityo The number of test beams was rather limited and one of the 
main variables, the ratio of the shear span to the effective depth of the 
41. 
beams was kept constant. Furthermore, Eq. (4) is still an expression for 
the nominal shearing unit stress v at failure. It is recalled, however, 
that the equation for the nominal shearing unit stress, v = V 
bjd was 
derived from considerations of the state of stress in the tension reinforce~ 
manto It was an expression for the horizontal shearing unit stress at the 
level of reinforcing bars which also had to equal the vertical shearing 
unit stress at the same level. Since concrete was not oonsidered to oarry 
any tension, it was concluded that there could not be any change in the 
vertical shearing stress from the level of reinforcement to the neutral 
axis ofbeamo The formation of a diagonal crack, however, radically ohanges 
the state of stress in a reinforced concrete beam.' There cannot be any 
transfer of stress across a craako Hence this popular conception of the 
distribution of shearing stresses in a reinforced concrete beam cannot be 
true and it is believed that any agreement between an empirioal expression 
based on the nominal shearing unit stress v and test results is Coincidental. 
For these reasons, an attempt was made to derive a general expres-
sion for the shear strength of simple reinforced concrete beams without web 
reinforcement and under concentrated loads. It was first ass UIDe d that the 
total shear force V was resisted solely by the compression area of the 
ooncrete above the neutral axis. It waS further assumed that the ultimate 
shearing unit stress, based on the compression area bk d, was a function 
s 
of ft. These assumptions and the observation that the shear strengtp of a 
c 
beam decreases .as the moment-shear ratio increases were used to derive the 
following expression for the shear strength of a beam: 
Va 
2 bd ff 
c 
or M 
2 bd ft 
c 
The form of the above equation suggested that the criterion for 
shear failures was a limiting moment rather than an ultimate shearing stress. 
This observation was supported by test results reported by Clark (8) and 
Turneaure and Maurer (10). Thus it was concluded that shear failures are 
failures in compression, the beams failing at a limiting average compressive 
stress in the compression zone of concrete. This type of failure is differ-
ent from flexural compression failures only because the compressive area of 
the concrete is reduced as the result of diagonal tension cracking, since 
diagonal tension cracks extend higher than the tension cracks. 
In the absence of any theoretical means to determine the depth 
of the compression zone, k d, at shear failures, the quantity.~ as deter-
s 
mined by the straight line theory was taken as measure ofks . _ It was 
considered that if ks is eithe~ a constant proportion of· the Relastic" ~, 
or a proportion which depends on f r , the empirical equation can still be 
c 
written as 
(8) 
The unknown function F(f~) was evaluated from test results. Thus 
the following two equations were obtained for the moment at which a beam 
fails in shear: 
for beams with 
a column stub 
(8a) 
and 
M 
2 
bd f' 
c 
4.5 ff 
== k (0. 57- --=-5 _c ) 
10 
for beams without 
a column stub 
(8b) 
Equation (8a) was based on 9 test specimens for which f~ ranged 
from 2140 to 4690 psi. Maximum deviation from the predicted value was 
11 per cent. Equation (8b) was based on 30 tests from five different 
investigations for which f~ varied from 2230 to 4760 psi. Other test vari-
abIes for these beams are listed in Table 4. The test values agreed with 
the predicted values within ~15 per cent. This agreement was much better 
than that given by other empirical expressions when beams from different 
investigations were included in the comparison. Furthermore,. the agreement 
was equally good for a rather wide range of test variables. 
As is shown by Eq. (-Sa), beams with a aolumn stub failed at a 
higher load than beam.s without stubs. This was apparently due to some 
strengthening effect of the column stub. The increase in strength varied 
from 11 to 21 per oent, being lower for higher values of concrete strength. 
The empirical equation (8b) was interpreted in the light of tne 
oonventional theory of compression failures of reinforced concrete beams. 
It was found that Eq. (8b) was· related to the following theoretical expres:;.. 
sion: 
(11) 
The quantity klk3 had been determined experimentally by previous investi-
gatorsQ For f~ limited between 2000 and 6000 psi it oould be approximated 
as follows: 
4.5 f' 
klk3 = 2.4 (0.57 .... __ 0) 
105 
(12) , 
Equations (8b);- (ll), and (12) yielded the following relationship between 
k (14) 
SinGe the quantity (l - k2ks) varies 
praotically a constant proportion of the "elastic U k. This finding provides 
an explanation as to why the quantity! is a fairly good measure of diagonal 
tension oracking and permits the use of the following rather simple expres--
sian for the ultimate moment at shear failures: 
(8b) 
The above equation is limited to simple beams without web rein.". 
forcement and under one or. two concentrated loads. All such beams fail 
directly under a load" hence in a region of maximum moment and maximum shearo 
These two are related by M = Va,. where a is the distanoe from the end 
support to the load point. 
Different variables have the following effect on the above 
equation (8b): 
(a) Ratio of ~ -~ Equation (Bb) considers shear failutes as 
compression failures. In that sense, the ratio a 
d 
los~s its usual IDean-
ing; that is) affecting the shearing strength of. concrete. The quantity ~ 
relates the magnitude of the applied load to the moment at failure, M = Va, 
and the effective depth ~ affects both the lever arm of internal moment and 
the area of the compressive zone. For the beams analyzed, the ratio of aid 
va.ried from 1.17 to 3.43. Differences in this ratio do not se8m to have 
any effect on the agreement between the test results and the predicted 
values. However, in only one series of te.sts (8) was the ~...,.ratio used as 
a 
a test variable, and in that case the beams were near yielding when shear 
failure occurred. 
-(b) Tensile Reinforcement ...,.~ The amount of tensile reinforoement 
affects the size of the compressive area. It waS found empirically that 
moment at failure could be related to k which is the depth of the compres...,. 
sion zone computed by "straight linen theory. For beams without compressive 
\1 2 i 
reinforcement k is given by k ;:::1(pn) + 2pn - pn. When the empirical equa...,. 
tion was interpreted in the light of flexural compression failures, it was 
found that the depth of the compression zone at shear failure waS practically-
.a ·cOnstant proportion of .!' or The latter procedure 
implies that the parameter klk3 which is a measure of the total compressive 
force in concrete remains the same both for flexural and shear compression 
failures and that the failure criteria is still a limiting compressive 
strain in ·the concrete. 
(c) Compressive Strength of Concrete -- The shear strength of a 
beam is dire.ctly proportional to the following function of fT: 
c 
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4.5 f' 
:f~ (0.57 - ___ C) k. 
105 
It is seen that as f~ increases both the quantity 
4.5 fl (0.57 ___ c) 
105 
which represents the effect of ~k3 and the value of k 
decrease. Thus the shear strength is not a linear function of f~ as is 
usually specified in building codes. As an example, for a beam with 1 per 
cent tension reinforcement an increase of f6 from 2500 psi to 5000 psi 
increases the shear strength only 36 per cent. 
(d) Type of Loading ~- Equations (Sa) and (Sb) were derived for 
simple beams loaded with one or two concentrated loads. This type of load..,. 
ing is a special case among all possible loading conditions. Failure takes 
place in the regiOn of maximum shear, ;{, and maximum moment, M = Va. 
A number of restrained beams have been tested previously under 
concentrated loads to evaluate their strength in shear (13)~ Howe~er, all 
such beams have been loaded in such a way as to make them statically deter-
minate and only a few of them had no web reinforcement. Test results show, 
however, that whenever all modes of failure except shear have b~en excluded, 
the above conception of shear failures as compression failures is valid and 
IDq. (Sb) can be used directly. 
It is not expected, however, that the new empirical equation can 
be applied directly to beams, either simply supported or continuous, under 
uniform load. The writer has not been able to find any test data on beams 
under uniform load. However, Bach and Graf (14) in Germany have tested some 
T~beams, simply supported and without web reinforcement, under eight equal 
and eQually spaced concentrated loads. These beams did not fail in the 
region of maximum shear 'and no moment at the support, but at some distance 
inside the supporto Thus a particular combination of shear and moment 
seemed to have caused the beams to fail in shear. It is conceivable that 
'8. critical section oan be found for this type of loading at which the fail-
ure'load oan be related to the equation for limiting momento The test data 
available at the present time, however, is not sufficient to determine suoh 
a critical section. 
(e) Column Stub +..,. Beams tested in connection with this investi.,.., 
gation failed at a somewhat higher load,Eq. (8a), than that predicted by 
Eq. (8b) for beam,s without a column stub. The: increase of strength varied 
from 11 to 21 per cent, being higher for lower values of concrete strength.-
(f) Cornpr'ession Reinforcement -'-.;.. Although no test data were avail.,.. 
able for beams reinforced both in tension and compression, it was conclud,ed 
that the effeot of o.ompression reinforcement can be included in the analysis 
by co'nsid.ering pl. in ,computing both the '"elastio"- k and the transformed 
concrete area. This procedure leads to the following equation: 
(18a) 
19- Conclusions 
For Simple beams without web reinforcement and loaded with one 
or two ooncentrated loads the load at shear failure can be predicted with 
a fair degree of aocuracy by the following empirical equation': 
4.5 f' 
M = k (0.57- ___ ---C) 
bd2ff 105 
c 
(8b) 
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All available test results agreed with the predicted value.s within .2:15 per 
cent. 
The present test beams} loaded through a column stub which was 
cast integrally with the beams) failed at a somewhat higher load given by 
the equation: 
7.3 f' 
M = k(O. 73~ ~-:=--c) 
bd f f 105 
(8a) 
c 
This equation agreed with the beams for which it was derived within 
.±10 per oent. 
These two equations'are applioable in the range and combination 
,of test variables considered in this report. 
20. Rec ommendedFuture Resear.ch 
One of the reasonS for our limited knowl,ed.ge of the shear 
strength of reinforced concrete beams seems to lie in the conventional 
approach to the problem. Sinoe the introduction of the 'ooncept of truss 
analogy some 50 years. ago, major emphasis has been placed on the evaluation 
of·the contribution of web reinforcement to shear strength. The contribu ... 
tion of the beam itself, without the benefit of any web reinforcement, has 
remained a relatively unknown quantity. 'Furthermore, any uncertainties 
with regard to theoontribution of web reinforcement have refleote-d directly 
on the contribution of the beanl itself} thus rendering both questionable. 
Our first problem) therefore) should be the evaluation of shear 
strength of a beam without web reinforcement. The contributton of the web 
reinforoement should be treated separately and it should be determined 
whether or not these two quantities are additive. 
The evaluation of the. shear strength of a beam with no web rein-
forcement involves variations in the oompressive strength of oonorete, in 
the amount of longitudinal reinforoement, and in the type of loading. The 
find.ings of this report indioate that shear failures of beamS under ooncen-
trated loads are failures in oompression as modified by the effect of 
diagonal cracking. A oomprehensive test program for this type of loading 
could easily be performed to cheok the validity of this new conoeption for 
the complete range of all variables involved a One variable should be 
varied at a time, and both shear and tension failures should be obtained. 
Beams which fail in tension could be used to throw more light on the behav,.,.. 
ior of a beam in the transi tien region betwe.en the two types of failure. 
Beams under distributed load introduce additional unknowns. The· 
use of concentrated loads deter.mines the seotion of failure, whereas for 
distributed loads the factors determining this section should be investi-
gated first. If the location of the main diagonal.orack in a beam with 
distributed loading oan be predioted by theory, it is expeoted that the 
shear oapaci ty of a beam oan be determined by the s.ame procedure as that 
developed here:i.n for beams under concentrated loadso 
The second major problem is the evaluation of the oontribution 
. r 
of web reinforoement to the shear s:trength of a beam. Bothconventional 
deSign procedure and various empirioal equations express the contribution 
of web reinforoement as an independent quantity., not influenoed by the 
50. 
strength of the beam without web reinforcement. This can be expressed as 
follows: 
(A) 
The present ACI code simply assumes that the contribution of the beam 
itself is a given proportion of the concrete strength, tbe allowable unit 
shearing stress being speoified as va = 0.03 f~. The difference between 
the total shear and that assumed to be carried by the concrete is assigned 
to the: web reinforcement. 
However, as long as it has not been shown concluSively that the 
contribution of the web reinforcement does not depend also on the contri...,. 
bution of the beam itself, the following alternative must be investigated 
for the total shear strength of a beam: 
These tw·o alternatives can be expressed in terms of moment-
equations as follows: 
M_ 
2 
bd f' 
c 
(B) 
M (B-1) 
This investigation is currently being extended to beams with web 
-reinforcement. The preliminary results indicate that the effect of web 
reinforoement is not directly additive to the contribution of the beam 
itself, but that it also depends on the shear strength of the beam without 
web reinforcement. Thus a certain percentage of web reinforcement would 
not increase the shear strength by a given amount but by an amount which 
depends on the shear strength of the beam if no web reinforcement had been 
provided. This ~uggests that an equation of the type of Eq. "(B-1) should 
be applicable for beams with web reinforcement. 
The third main problem to be investigated is the behavior of a 
beam in the transition region between shear and fle~ural fail~es. It is 
important not only that the possibility of a premature shear failure be 
eliminated, but also that a beam can, after the first yielding of rein-
fo~cement, develop its full flexural load-carrying capacity and especially 
its full flexural deflection. The increase in the load from the first 
yielding to the flexural ultimate is, in general, very small and perhaps 
without any practical significance, but4ille full flexural deflection ad~s 
a major portion to the energy-absorbing capacity of a beam. 
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6 by 12-:-in. Simple Beams 
Bea.m ff Rainf. p p/f' d a* aid f f ill k** 
No. c Bar c y 0 0 
(psi) Sizes (lO+5 in2/1b) (in" ) (ino) (psi) (psi) (103 psi) 
3-2 39010 3~NoQ6 .0208 0.533 10.58 48 4.54 41,200 00415 
3-3 46910 2~No08 00252 0.538 10.44 ·48 4060 59,400 0.446 
s:...4 44'"('0 2--No·9 .0321 00719 10.37 48 4063 44,800 00478 
S-5 43~)0 2 .... No.10 00411 0.948 10.31 48 4.66 45,700 0·531 
S~ll 211~0 2-No·7 .0190 0.888 10051 48 4057 47,500 0.450 
S"'13 3800 2 .... NOo10 .0411 1.081 10.31 48 4.66 44;100 00528 
( 
S-l 39!~0 3-No.5 .0146 00369 10065 51 4079 44,600 35,200 1055 0.361 
S-9 211m 3-No.4 --,,0093 0~436 10·72 48 4048 44,300 32,000 910 0.344 
S .. 10 22Bo 2 .... No06 .0139 0.608 10058 48 4.54 41,800 27,300 920 0.396 
~--------.. 
! s-6 41~50 3 ... No04 00093 0.225 10·72 48 4.48 44,700 27,500 1135 0.309 
l 4070 2'-No.4 S-7 .0062 0.153 10.72 48 4.48 45,000 27,500 1215 0.261 
;~ 
" 
3 ... 8 261+0 2--No.4 ·.0062 0.235 10·72 48 4.48 45,000 28,750 1083 0.280 
S-12 24Bo 2 ... No.3 .0034 0.137 10.81 48 4.44 43,600 25,450 1013 0.219 
* Distanoe from center. of end support to edge·of ·column stub. 
ff. Based on "straight-line theory" with n = 5 + 10000 
. ff 
C 
TEST RESULTS 
U. S. ENGINEERS 248 
6 by 12,...in. Simple Beams 
1 2 3 4 ·5 6 7 8 9 10 11 
Beam Mode* ft· p/f' P M M (6)/ M M (9) / c c 
of 2 2 bd2f~k bd2f~k Failure (psi) (10~5 in2/1b) (lbs) bd fl bd f~ (7) CI0) 
Test Test Eq. ~ 4a~ TestZCalc. Test Eg. ~ 8a~ Test7Calc. 
S-2 S 3900 0.533 19,090 0.175 0.191 0.916 0.421 0.445 0·946 
S-:-3 S 4690 0.538 23,880 0.187 0.170 1.100 0.419 0.388 1.080 
s-4 s 4470 0.719 24,990 0.208 0.186 1.118 0.435 0.404 1.077 
S-5 s 4330 0·948 22,390 0.195 0.203 0.961 0.367 0.414 0.886 
S-11 s 2140 0.888 15,200 0.257 0.261 0·985 0.571 0.574 0·995 
8-13 s 3800 1.081 22;390 0.222 00226 0·982 0.420 0.453 0·927 
8-1 T-8 3940 0.369 16,840 0.160 0.181 0.884 0.443 0.442 1.002 
S-9 T-8 2140 0.436 11;490 0.187 0.235 0.796 0.543 . 0.574 0·946 
8-10 T-S 2280 0.608 15,290 0.241 OQ241 1.000 0.608 0.564 1.078 
Av. . 0·971 Av. 
·993 
s-6 T 4150 0.225 12,980 0.109 
S-7 T 4070 0.153 8,960 0.077 
s...,8 T 2640 0.235. 8,920 0.118 
S-12 T 248Q 0.137 5,210 0~072 
* S = 8hear; T·8 = Tension with shear~type final collapse; T ~ Tension 
\Jl 
\Jl 
ANALYSIS OF BEAMS FAILING IN TENSION 
U. S. ENGINEERS 248 
6 by 12-ine Simple Beams 
1 2 3 4 5 6 7 8 9 10 
Beam Mode** ff p/fr f . fs at fs My Mult M a a y 
No. of 
(10-5 in2/1b) 
Max. Load bd2fo' bd2fl bd2f' Failure (psi) (psi) {psi) (p~i) a 0 a 
. Test Eq. ~20 2 Eq. (192 Eq. (3) Eq. (8a2 
S~l T ... S 3940 0.369 44,600 48,500 51,800 0.145 0.174 0.160 
S-9 T""'S 2140 0.436 44,300 47,500+ 48,100 0.171 0.193 0.197 
S ... 10 T-S 2280 0.608 41,800 45,500+ 41,800 0.221 0.228 0.223 
s"""6 T 4150 0.225 44,700 56,000 56,100 0.090 0.118 0.132 
S.;..7 T 4070 0.153 45,000 55,000 66,800* 0.063 0.113 
s-8 T 2640 0.235 45,000 52,000 57,500 0.096 0.127 0.150 
S-12 T 2480 0.137 43,600 ·58,200 . 70,,900* Q.055 0.120 
** 1\·,,8 == Tension wi th shear~type final c.ollapse 
T :;: Tension 
* Calculated fs very exaessive due to approximations made in stress-strain aurve for steel. 
11 
M 
bd2f I-
a 
Test 
0.160 
0.187 
0.241 
0.109 
0.077 
0.118 
0.07:2 
12 
ell) I 
(10 ) 
Test/Cala. 
1.000 
0·949 
1.080 
0.826 
0.681 
0.787 
0~600 
Vl 
0\ 
TABLE 4 
RANGE OF VARIABLES OF OTHER TESTS 
Beams with nO Web Reinforcement 
Test Entry in Number ff p b d a aid Loe..ding c Series Bibliography of Positions 
Beams- (psi) (in. ) (in. ) (in. ) (2 equal loads) 
Clark (8) 12 3120-3765 0.0098 8 15.4 36;30; 2.34;1·95; Various 
24;18 1.56;1.17 
Moretto-X- (7) 4 3335i3540 0.0186 5·5 19·5 32 1.64 1/3""points 
Richart (5) 4 3700-4530 0.0233 8 21 36 1.72 1/3-points 
Series of 1922 
Richart** (12) 6 2230-4760 0.0280 8 21 32 1.53 1/3-points 
and 
Jensen 
Gaston (9) 4 4020-4750 0.0138; 6 10.5 36 3.43 1/3 ..... points 
0.0190 
Total Range 30 2230-4760 0.0098 .~ 3.43 -
0.0280 1.17 
* Average values reported for each pair of companion specimens. 
** Includes only those beams made of concrete with natural sand and gravel aggregates. 
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